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Abstract. We present a complete analysis of scale transformation of the Bloch functions and
the Wannier functions in one-dimensional lattices, when a cell twice as Iarge as the primitive celt
is taken as the periodic unit.- We obtain the Wannier functions for a free electron imposing an
artificial periodicity and show that the Wannier functions satisfy the properties of the wavelets
and wavelet packets of the multi-resolution analysis. We show that the coefficients appearing in
the scale transformation of the Wannier functions for a free electron also serve as the expansion
coefficients for the scale transformation of the Bloch functions and the Wannier functions in
general one-dimensional lattices. Finally, we argue the importance of the translational symmetry
based on the minimal primitive cell in determining the Wannier functions.

1. Introduction

It is well known that one-electron states in periodic crystals can be completely described by
Bloch’s theorem. Because of the translational symmetry, the Hamiltonian of a periodic
system commutes with translation operators generated by the Bravais lattice and the
eigenfunctions, Bloch functions, of the Hamiltonian can be represented by the product
of a plane wave whose wavevector lies in the first Brillouin zone and a periodic function
of the Bravais lattice [1].

The period of a crystal is usually taken as the shortest of any possible pericd. However,
we can always view a periodic system with period a4 as a system with period 2a or any
integer multiples of a. We call this transformation ‘infiation’ or renormalization of the unit
cell. The inflation transformation can be considered as a kind of symmetry operation of the
periodic system. It is known that the reciprocal lattice does not essentially change under the
inflation if one takes account of the structure factor. In fact, the scattering function [ @ (k)
for a one-dimensional lattice with period a is given by ‘

Ik = — Z gitem — Z a(k - —z) (1.1)
gL — I==c0

If we view the same system as possessing period 2a, the scattering function is expressed

with the structure factor 1 +¢'* as

I(z‘*)(k) _ E_n_ Z xicaZm I-|—e’k“)

Z S(k - —z) (1+ ). (12)
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Figure 1. Electronic energy levels
in a one-dimensional lattice versus
wavevector k are shown schematically in
an extended-zone scheme, The Bragg
planes corresponding to Iattice constant
a are denoted by broken lines, and the
Bragg planes comresponding to lattice
constant 24 are denoted by dotted lines.
Note there are nc band gaps at the
fictitious Blagg planes.

Obviously at ¥ = (2{ + 1)z /a, where is [ an integer, the structure factor vanishes, and
the scattering function /@2 (k) becomes identical to (k). It is also clear that when the
unit cell is inflated, the energy bands are folded at the new Bragg planes though band
gaps do not appear at the new Bragg planes because of the same reason as above (see
figpure 1). However, it is not trivial how the Bloch functions and the Wannier functions are
transformed under the inflation. In this paper, we give a complete analysis to this question
for one-dimensional periodic lattices. In particular, we show that the Wannier functions
for a free electron in one dimension are the wavelets and wavelet packets known in the
multi-resolution analysis.
Consider an electron in a one-dimensional periodic lattice, whose Hamiltonian is given
by
n? &2
H{x;a)= M + U(x) (1.3)

where M is the mass of the electron and the periodic potential enexgy U/ {x) satisfies
Ux+a)=Ulx).

If we introduce a scaled coordinate

- X
;X
a

then the scaled Hamiltonian is given by

2Ma* a2 1)
v H(@z®; a) = ot TOEM) (1.4)

AUy =

where

[7(1)(,"5“)) - 2Ma2

5 U@



Two-scale relations in 1D crystals and wavelets 4391

which has a period of unit length. Suppose we consider the period of this system to be 24,
then the scaled Hamiltonian (scaled as @ = x/2a) is

oy o 2M(2a)? . d?
=@y — 2be 1Y = (@) (D)
Y = TH(ZM( ;a) = ~ oo + @52y (1.5)
where the scaled potential energy is given by
2
U@)('&J) M(Za) (x)

which also has a period of unit length. If UV (x) = U®(x) holds, then the inflation
is a symmetry operation of the Hamiltonian and we expect a certain symimetry in the
Bloch functions. When UM (x) # U@(x), which holds in most crystals, the inflation
transformation is not a symmeuy operation to the Hamiltonian. However, we can still .
find definite relations among differently scaled eigenfenctions.

Throughout this paper we focus on inflation by a factor 2, that is, scaling by a factor
2 which we call a ‘two-scale by factor 2’ or simply ‘two-scale’. It should be emphasized
that a similar discussion holds for any other integer scaling factor.

In section 2, we briefly review the Bloch representation of the eigenfunctions for a
one-dimensional periodic system and Wannier functions. In section 3, we discuss the case
where the relation

AOG) = b-!m(x) 7 ' (16)

holds and the scaling (ransformation is a.symnetry operation. This symmetry exists
when the potential energy is identically zero, namely, for a free electron. We can obtain
Wannier functions directly (Wannier functions of a free electron), and we derive the two-
scale relations and decomposition relaticns among differently scaled Wannier functions by
direct calculation of their inner product. 'We show that Wannier functions of the zeroth
and first bands form the scaling functions and wavelets, respectively, and we explain the
correspondence between these two-scale relations and the wavelet analysis. In section 4, we
discuss two-scale relations when the potential energy is not identically zero. We show that
the two-scale relations of the Bloch functions found for a free electron can also be extended
to this case, though the Wannier functions cannot be related to wavelets. In section 5, we
apply the present analysis to a model systemn consisting of infinite potential barriers placed
periodically. We argue the importance of the translational symmetry of the whole system
in dealing with the inflation transformation. We give a brief summary and comments in
section 6.

2. Bloch’s theorem and Wannier functions

In the following discussion, we denote the set of integers by
Z={..-1,0,1,...} Z,=1{0,1,2,3,...}

and the space of measurable functions f by L2(R), where f is defined on the real line R,
which satisfies

(FO f)) <o

with the inner product

(FO g()) = f F g .
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‘We may drop () in the notation when it is apparent.
In one-dimensional crystals with lattice constant &, the stationary Schridinger equation
is
H(x; @)y, (x) = ¥, () @1
Slkla<min+1) nez,

and its eigenfunction w(“) (x}, the Bloch function, is written as the product of a plane wave
and a periodic function of the lattice,

¥ (x) = 1) (x) #@x +a) = ul%(x). (2.2)
n.k

Here n is the band index and we used the extended zone scheme, where the energy bands
are represented as a single-valued function of k. This chojce of the scheme will make it
easier to find the correspondence between crystals and systems without the translational
symmetry of the Bravais lattice. The Bloch functions satisfy the normalization condition

ook Va) = Sund® =) | 2.3)
The Bloch function can be written as a linear combination of Wannier functions [1];

YO x) = \f— Z 69 (x — am)elm @4

where the Wannier function ¢ (x) of the nth band is localized at x = 0. Conversely,
the Wannier function of the nth band can be represented as the superposition of the Bloch
functions (the inversion formula of Fourier coefficients);

~Zp Z(n+1) A
o0 —am) = [ [ wiRetmar [ [T yigeera - @s)
_;;. n+ Z

where the integration range is the nth Brillouin zone. Note that the integration can be
performed for any Brillouin zone, since the Bloch function is a periodic function in k-
space. The prefactor /a/27 in (2.5) ensures the normalization of the Wannier function

(B — amy), ¢ — am2)) = &ny mySrmyms - (2.6)

Since the complete set of Bloch functions is written as a unijtary transformation of the
Wannier functions, the Wannier functions ¢{*(x — am) for n € Z, and m € Z form an
orthonormal complete set.

3. Wannier functions for a free electron and wavelets
We consider a free electron in one dimension whose Hamiltonian is
H{x;a) = ——. 3.1
(i) =--r13 G.D
We impose an artificial periodicity of period a. Since this Hamiltonian satisfies (1.6),

the scaling transformation is a symmetry operation for this system. The solution of the
one-electron Schridinger equation is given by

(@) pikx
Yprlx) = JE (3.2)

@ _ ﬁ2k2

Enk = 531 L lkla<an+1) (3.3)
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1 Figure 2. The Wannier functions
—_ 4 around the origin of the first two
\/5 L — L 1 L energy bands for a free electron
in one dimension. The Wannier
—4a —2a 0 2a 4a functions of the higher bands behave

z similarly with more oscillation.

for all » € Z,. This solution, of course, agrees with the solution for the system without
the artificial periodicity. From equations (2.5) and (3.2), the Wannier functions for a free
electron can immediately be cobtained:

@ va

D (x —am} = = —lahz |sin [Z—(n + Dix — am)] — sin [J—;-n(x - am)]} . (3.4)

This Wannier function is localized at x = am and decays hyperbolically with oscillation as
|x — am] is increased. We show the Wannier function ¢{(x} for n = 0 and 1 in figure 2.
In passing, in figure 3 we show the Fourier transform of ¢ (x):

=~ {a) _ i (@) —ikx
¢ (k)= dx ¢,% (x)e
—00
_ { va  nm< ke < (o + Ly 35
0 otherwise .

In particular, we note that the support of {56@ (k) is k| € m/a.

3.1. Two-scale relations of the Wannier functions for a free electron

We can construct the Wannier function for a free eleciron using any lattice constant. We
consider the Wannier function ${*® for lattice constant 2a. It is straightforward to show
the following two properties. First, ${*?(x) and ¢{®(x) satisfy

V2% (2x — 2am) = ¢ (x —am). (3.6)

The lefi-hand side denotes the Wannier function (times +/2) for a free electron in a one-
dimensional lattice with lattice constant 2a compressed by a factor 2 towards the origin,
which is localized at 2am before the compression and at am after the compression. Note
that %) (x) satisfies the normalization condition

(G20 — 2amy), $27(- — 2am2)) = 8uy iy sy - 3.7)
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Figure 3. The Fourier transform

i iy ™ oy of the Wannjer function of the
_E(”’+ 1) ——a-n il E(n + 1) nth band for a free electron in

one dimension.

Secondly, the inner product between the Wannier functions ¢ (x) and ¢%*(x) does not
depend on parameter g, namely, we can show

Py ~2m, for n’' =4n
{¢2(f1) ( - aml)! ¢,(;%a)( - 2am2)) = { Gmy~2m for w =4n+1
0 otherwise ie
Pmy=2ma for »'=4n - 3 ( . )
(i ¢ — amp), 657~ 2am2)) = § Gmy2my for n'=4n+2
0 otherwise
where
i 2
_ % sm(::ﬂm /2) oom
I
m = 177 m 395)
7= = for m=0.
2

Here the Parseval identity has been used to derive (3.92) and (3.95). The sequences {p,}
and {g,} play important roles in the following discussion.

Considering the orthogonal decomposition of the space LZ(R) (see appendix A), and
using the relation (3.6), we can derive the following two-scale relations of the Wannier
functions

cQ .
0 —am) = Y puam202(2x —amy) (3.10q)
m|=—0
PoaF —amz) = Y Gy _om V205 2x — amy) (3.106)

ny=—00
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20 —amg) = Z Pry—2maV 2055, (2% — amy) (3.10¢)
M =—00

&L 5 (x — amy) = Z qml-z,n,«/' ¢2n+1(2x—am1) (3.10d)
m=—00

for all my € Z. For example, equation (3.104) denotes that the Wannier function ¢ (“) » (x) for
the 4nth band can be expressed as a linear combination of the Wannier functions for the 2nth
band compressed toward the origin by factor 2 (see figure 4). equations (3.105)-(3.104)
have similar meanings.

+Pm1—1—2m2\/§x

e(my=1
2

+Pm1-2m2\/:2:><n /\ Do
A

A
amz Y
2

+pm1+1_2’"2,1/§/¥/\ £
Y

Figure 4. The two-scale relations between ¢,(,2“) {x) and ¢,ﬁ‘,')(x) are shown schematically.

The inverse transformation of equations (3.10a)—(3,10d) is given by the decomposition
relations

V2R 0x —am) = Y P _ambe (5 —amg) + Z 0L oy B, (x — )

Mr==—0a Ha=—00
(3.11a)
o0 s
V2P Cx—am)= D pr oG —am)+ Y G om i (x — amz)
Mae==—CQ mar=—00
(3.118)

for all m| € Z. Here we have used complex conjugates in the coefficients, although {p,,}
and {gn,} ate real, to clearly indicate that the decomposition relations (3.11a) and (3.115) are
the inverse transformations of two-scale relations (3.10a)- (3.104). The coefficients {p.,}
and {gn} are elements of a unitary matrix for the inflation transformation which satisfy the
following orthogonality relations (see also equations (A.9)-(A.12} in appendix A).

(=]
Z P:i—zmlprrI—Zn?z = Sml.MZ ) (3.12&)

m=—0od
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o0

> Ghom Gm—tms = Smym; (3.125)
m=—cd

m -

Y Phomn—zm =0 (3.12¢)
n=—og -

m -

N Pl Pria—tm + T omma—2m} = S - (3.124)
m=—og - -

Equations (3.102)-(3.10d) and (3.11a), (3.118) define the renormalization relation of
the Wannier functions for a free electron with respect to the inflation of the unit cell.
These relations form the main properties of the wavelet analysis as we explain in the next
subsection.

3.2. Wannier functions for a free electron as wavelets

From the renormalization relations of the Wannier functions for band index # = 0 and
n =1, we find the following important results. For # = 0, equations (3.10a), (3.105) and
(3.11a) become

¢ —am) = Y Pm-2mn V205 (2x — amy) (3.13a)
PG —am) = Y Gm-my V287 2x — amy) (3.135)

o0 (=]
V26 2 —am) = Y P om® G —am)+ Y @ _om @ (x —amy).

m=—00 ny=—0C

(3.14)

Obviously equations (3.13@)~(3.14) are closed relations among qb,g“) and ¢®. The linear
spans of these basis functions form subspaces of L%(R) such that

U = closy (@7 (- —am) 1 m € Z) (3.15)
U = clos; gy (9 (- —am) : m € Z) (3.16)
and from equation (A.4) of appendix A the space Ué”) is shown to be decomposed as
U’ = U e U
= UM o Ul o U
=..oUM U™ gu, (3.17)

On the other hand, we can start this decomposition of the subspace from any a, for example,
1) 11
U = U@ e U, U = U @ UP? exc. Therefore US? = Y700 @UF™.
When ! —» —o0, U(,2 ) reduces to L?(R). we can prove this fact by considering the Fourier
_ transform

oo -
f B (x — 2 ame ™ dy’ = LD (fyeHam | (3.18)
=00

In the limit of { = —oo keeping 2'am —> x, the right-hand side is nothing but e~** since

the support of 3((,2’“)&) becomes infinitely large. Consequently l'Iim Uégr") reduces to the
- =00
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space spanned by {e**; k, x € R}, i.e. L%(R). Considering the limit ! — oo in (3.18), we
notice that

N U&® =10} (3.19)
leZs

since the support of Eb:gzj“} (k) vanishes in this limit. From the above considerations, LZ(R)

can be decomposed into a sum of the orthogonal subspaces Ule‘” ,leZ
LRy =---0UP0UuP gyl eg.... (3.20)

Using the relations (3.6) and (3.7}, we can summarize the results shown above in the well
known form in the multi-resolution analysis as follows:

L*®) = closey (272002 - —m)y :m e Z, 1 e T) (321a)
(22D (2 - —amy), 2276 (2 - —ama)) = 8y 1, m, ol my,m € Z.
(3.215)

We note that these properties of the Hilbert space or basis functions are the same as
those for the wavelet analysis. In fact, the Wannjer function ¢(§“> of the zeroth band for a
free electron is the scaling function or the father wavelet which generates a multi-resolution
analysis, {UD(?' “)}, 1 € Z, of L>(R). 1t is also called a sampling function in information
theory. The Wannier function qbf“) of a free electron of the first band is a kind of the
orthogonal wavelets which generates the complementary subspaces, {U1(2 2. 1eZ}, of
the multi-resolution analysis and is known as Littlewood-Paley’s mother wavelet [2]. In
addition, the relation (3.6) and the decomposition properiy (A.3) in appendix A. indicates
that the Wannier functions qb,(f) for # 2= 2 are the wavelet packets [2, 3], and they are
generated by the scaling function ¢é“) and the wavelet qbl(“) using the relations (A.7) and
(A.8) in appendix A where we put

-

Pm1—2m1 for ﬂ,’ = 2n
)‘)Einl’)_;m = { Gy for ' =2n+41
0 otherwise
( / (3.22)
Pmy~2m, for n = 2n 4 1
S’(:lr)—;mz =\ Imi—2m: for n =2n

0 otherwise .

4. Two-scale relations in general one-dimensional crystals

In this section, we consider the two-scale relations in general one-dimensional crystals.
When the potentizl energy does not vanish, we cannot follow the procedure in section 3
which relies on the fact that the potential energy is identically zero. We first note that each
Brillouin zone of a lattice with lattice constant @ is enclosed by Bragg planes which are
the bisector of a line joining the origin of k-space to a reciprocal lattice point 2n/a for
each n € Z. When we regard the crystal as that of lattice constant 2a, new reciprocal
lattice points {={2n + 1)/a} appear, which generate corresponding Bragg planes, hence
the Brillouin zones are decomposed into smaller ones (figure 1). Therefore the energy
band ¥ (k), wnfa < |k| < mw(n + 1}/a, of the nth Bloch state are composed of
the energy band sgf k), anfa € [k| < m(2n + 1}/2a, of the 2nth Bloch state and
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ag‘f], a(2n+1)/2a € k] < w(n+1)/a, of the (2rn+ 1)th Bloch state for the same system
with the renormalized lattice constant 2z. Namely, we find

£ k) for —En < k| < 2—’;-(2:1 +1)
(2} —
WO=1 ? B (4.1)
IWRLL) for 5(2:: +1D £kl < E(n+ 1.

From the relation (A.4) in appendix A, we find that the relation between the Bloch
functions for a lattice of lattice constant ¢ and that for a lattice of renommalized lattice
constant 2z is given by

V2Pl x) = RO WP (x) + SPRw I, L (x) 4.2)

where the Bloch functions for lattice constant a, {ylr( }, satisfy the normalization (2.3). To
obtain the concrete form of the coefﬁments R(‘" k) and S("’(k) we operate the Hamiltonian
H{x; a), possessing {glr,, )} and {1,&,5, k,} as its eigenfunctions, to both sides of (4.2), where
H{x:;a) = H(x; 2a). From the relation (4.1), we find

eD VYL x) = RO W5 kvt (x) + SOOGS0 v 1 (x) - (4.3)

Equations (4.1) and (4.3) give immediately the only possible form of R®)(k) and S© (k)
RO = 52, = P, (k) (4.4)
gﬁl—l(k) SP= Q. (k) (4.5)

for all n € Z,, where P,(k) and Q,(k} are rectangular pulses with period 2 /a which are
shown in figure 5. As a result, we obtain the decomposition relation of Bloch functions;

V298, () = PRI (%) + Q: v, () {4.6a)
2P | ) = PROYEY, 00 + Grv LD, L (x) (4.6b)

Although P, (%) and @, (k) are real in (4.6a) and (4.65) we used their complex conjugates
for later convenience.

We now proceed to the Wannier function representation of the decomposition relations
(4.6a) and (4.6b). The decomposition relations of the Bloch function obtained above directly
lead to that of the Wannier function. By the use of (2.4), equation (4.64) reduces to

S 60— am)etm = P2 3 48 x — 2amelen

my==-0a Ma==—00
(=]
FQR) D P (x — 2amp)em @
My==0Q

Since P}(k) and Q7 (k) are 2mr/a-periodic functions, they can be expanded in Fourier series
representations

2]

PX(k) = Z preiken (4.84)
oy =Y grem. (4.8b)

m==00



Two-scale relations in 1D crystals and wavelets 4399

{a) o
v3
Pa(k)

ol
A
2a TDg k 2a 2a

(»)

Vb

Qalk)

0
e & & i=
2a T A 2a 2a

Figure 5. The k dependence of (a) P, (k) and (§) @.(k}. which are pericdic functions of period
2n/a.

Here the coefficients {p,,} and {g,} are given by (3.94) and (3.9%), and they do not depend
on lattice constant 4. Using equations (4.84) and (4.85), equation (4.7) is rewritten as

P2 (x —amy) = Z pm,_z,nquiﬁ"’(x — 2amy) + Z @ —om, P (x = 2amy) |

Ma=—00 Miz=—00

7 (4.9a)
Applying the same procedure to (4.65), we find

oo .
¢g2|-l(x - a’ml) = Z p:11—2m2¢§i23(x - 2am2) + Z: qm1~2mz¢:(1§?2(x - 2am2) .

my=-0oQ Mg==—0Q0

(4.90)
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The relations (4.92) and (4.95) are the decomposition relations of the Wannier functions for
general one-dimensional lattices.

It is straightforward to derive the two-scale relations corres?ondmg to (3.10a)-(3.104).
We first note that both Wannier functions ¢(2“) (e Uy, 2}y and ¢2ﬂ +1(€ Uénz‘_’l_)l) of the lattice
with the inflated lattice constant 2a belong to U; @" {see equation {(A.4) in appendix A).
Therefore, noting U is generated by the linear span of ¢{*(x —ma), m € Z, we find the
following two-scale relatmns of Wannier functions

G2(x) = Y pubi(x —am) (4.10a)
¢ =3 and = am) (4.105)
L2 (x) = Z Pn®$ | (x — am) (4.10¢)

¢ () }

-20 -15 -10 =5 0 5 10 15 20

-20 -15 -10 -5 [e] 5 10 15 20

Figure 6. {a2) Wannier function around
the origin in the lowest band for the
Kronig-Penney model. (k) Wannier
function around the origin in the lowest
band for the Kronig-Penney model when
the lattice constant is taken as 2a4. (c)
‘Wannier function around the origin in the
first excited band for the Kronig-Penney
g model when the lattice constant is taken

. - . as 2a. The real parts are denoted by
-20 -15 -10 -5 O 5 10 15 20 gl curves, and the imaginary parts are
T denoted by broken curves.

¢ ()}
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PP = Y gudl,(x —am). (4.10d)

m==—=0o

The form of the decomposition relations (4.94) and (4.96) and the two-scale relations
(4.10a)—(4.10d) are the same as equations (A.5), (A.7) and (A.8) in appendix A where
the coefficients {r{”} and {5/} are given by (3.22) with the coefficients {p,,} and {g,}
given in (3.9q) and (3.95).

It should be emphasized that although (4.9a), (4.95) and (4.10a)—(4.10d) are similar to
the two-scale relations (3.10a)-(3.104) for a free electron, there is a significant difference
between them. This difference originates from the relation (3.6) which is only valid for
the Wannier functions for a free electron. Equations (3.10a)}-(3.10d) and (3.11a), (3.115)
are relations among the Wannier functions of the same lattice constant o and differently
scaled x-coordinate. On the other hand, equations (4.9¢), (4.95) and (4.102)—(4.10d) are
relations among the Wanntier functions of the different lattice constants and the same scale
of x-coordinate. In particular, when » = O the Wannier functions of (3.10a) have the same
form which leads to the two-scale relation of the scaling function in the wavelet analysis.
However, the Wannier functions in (4.10z) forn =0, ¢<m) {x} and qﬁ(“)(x), are not the same
function. Hence the Wannier functions of a system with finite potential are not the wavelet
packets. Nevertheless, we can state that the Wannier functions for a lattice constant 2a are
generated by the Wannier functions of the same system with laitice constant a using the
same linear combinations as those which generate the wavelet packets.

As an example, we consider the Kronig-Penney model

n* g 2

H=—oies +m_Z_:wga(x ma) . .11)

To construct the concrete form of the Wannier function, we follow the standard procedure
to obtain the energy bands and Bloch functlons [1], which is summarized in appendix B.
Figure 6(a) shows the Wannier function ¢0 (x) in the lowest band, where we solved (B.6)
numerically setting #2/2M = g = a = 1.0. To obtain this Wannier function, we set the
k-dependent arbitrary phase factor in the Bloch function so that A(K, &) in appendix B
becomes real In ﬁgures 6(b) and (c) we show the lower most two bands of the Wannier
functions ¢o (x) and ¢ (x) for the two fold scaled system. They are obtained using the
relation (2.5) imposing a — 2a and related to q)(“) —am) by (4.9a), (4 10a) and (4.105)
for n = 0. As can be seen, two differently scaled Wannier functions qbo %) and ¢((}2a} have a
different form to each other, namely, they are not the wavelet packets.

5. Translational symmetry and éwo-scale relation

When one takes a larger cell as the periodic unit of the translational symmetry, some
operations in the translational symmetry must be discarded. It is, however, clear that the
energy bands and the Bloch functions should not depend on the choice of the periodic unit
(see equations (4.6a) and (4.65)). This fact indicates that the Wannier functions based on a
larger unit cell must be influenced by translational symmetry operations, To emphasize this
point, we consider 2 model system of an efectron in one dimension whose Hamiltonian is
given by
hZ d2 o)

He=-rres -z-m;o v(x — ma) (5.1
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where

Lx <

B3]
3T

(5.2)

Vv V —3»0c0 for—
v(x) =
0 otherwise

for a > b > 0. Namely, potential wells of zero potential with width g — b are placed
periodically with period a, which are separated by infinitely high potential-barmriers with
width &. We follow the procedure in appendix B. For the potential energy (5.2), we can set

tp=1_=0 ry=r_=—e Kb (5.3)
in equation (B.6), where X is the wavenumber of the incident particle. Then, from

equation (B.3) and the normalization condition (2.3), we obtain the energy band and the
Bloch function

ﬁ2
(a) @ _
En k= En 2M(ﬂ _ b)z (54)

Y (x) = ‘“’(x)

3 b ,
Jr(a —p { oy “m)}‘ & Xima on+12) (%) (5.5)
m——OO

for n € Z; and the characteristic function X, gj(x) is unity in the range o + 5/2 < x £
B—b/2 and zero otherwise. The prefactor ~/a/m(a — b} assures the normalization condition
(2.3). As can be seen in (4.6a) and (4.6b}, this Bloch function should not depend on whether
we view the lattice constant to be a or 2g, if we choose the appropriate Brllouin zones and
the band index »; namely,

VEl=w  for an<l<@n+D) 5.6a)
24 a b4 n
Vb= for —Cn+ D<K < —@n+2). (5.65)

The Wannier function is readily obtained from (2.5) and (5.5) as

2 x { b
¢;(;a)(x —am) = PR sin {mﬂ(x —37 am)} Xima.(m+1a1(X) &1

for m € Z. Note that this Wannier functions is nothing but a state in one potential well.
Now we insert (5.6a4) and (5.6&) into (2.5) (where we put a — 2a) to obtain the
renormalized ‘Wannier functions (with lattice constant Za) such as

(2a) -—lka2m HD (2a) —ika2m'
dk Yo, s (x)e dk Yy, . (X)e
~Z 2n41)

ﬁsxn {r@n+1)(m —2m )/2}

$29 (x — 2am’)

mi2m) w(m —2m") b (x —am)
+ %Q(f)(x — 2am’) (5.84)
a —5;(2n-:-1) o
¢g21(x —2am’) = .[__(2,, , z(um-i-)l.k(x)e_lkazm

4’-(2n+") . s
o f BV
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VZsin {7 (2n + 1)(m — 2m") 2}

= @y
- m{;ezzr:n'} wlm — 2m" & (x —am)
VAL Z980G = 2am). (5.8b)

Notice that although these expressions are a superposition of ¢{*(x — am), only one term
on the right-hand side does not vanish for a given value of x because of (5.7). Since

~2sin {Jr(Zn + 1}m; — 2mz)/2} {p,.,,,_gm1 for n'=2n

N(ml 2m2) Gy —2my for n'=2n +1
5.9

~2sin {m (20’ + 1) (m; — 2my) /2] _ | Pmy—m, for n'=2n+1
w{my — 2my)} - I, ~2my for n' =2n

for n € Zy, mq + 2m; and pg = 1/+/2 and gy = 1/+/2, equations (5.82) and (5.8b) are
consistent with the two-scale relation (4.10a)—(4.10d). Hence it should be emphasized that
these weight factors {p,} and {gm} for a superposition are the consequence of the missing
translational symmetry in the inflated lattice.

Suppose we take two adjacent potential wells as a periodic unit and make the lattice
constant to be 2g. Since there is an infinite potential barrier between these periodic units,
we may consider the localized Wannier functions in a periodic unit with width 2a to be
‘Wannier functions which are given by

1 f 2 g b
¢’m)(x —2m'a) = E{ 2-b Sm[a—_—'gﬂ (x -3 2m’a):|x[2m:a,(2mr+na](x)

2 T b
+ o Slﬂl:—bn (x —37 @2m' + l)a) ]XI(Zm‘+lJa,2(m’+1]a](x)}

a— a—

@y oy LIf 2 L ® (B, .
_d)g,,_,_l(x Zma)—ﬁ{ a_bsm[a_bn(x 7 Zma)]x[z.m,(mﬂ)a](x)

z . T b
o3 sml:‘:I — bn(x —z" (2m’ + l)a)]X[(2m’+!)a,2(m'+l)a](x)}
(5.105)
for all m’ € Z, n € Z,. The two degenerated Wannier states (5.10a) and (5.105) are the
eigenstates of the system composed of only two potential weIls located on x = 2m’a and
x = (@m' + 1)a with the ener; (hrm)z/ZMa Namely ¢’ (x) is even with respect to

the inversion operation, and ¢’ 2,, +1 (x) is odd. Using equations (5.10a), (5.10b) and (2.4),
we ¢btain the Bloch functions for a lattice with the minimal lattice constant is 2

f b
11”1'(211) (x) = E_(Ea--—_b.)_ {Siﬂ [#n(x - 5 — 2ma)] X[2m'a.(2m"+1)a) (x)

Nk b :
+sin [Eﬂ (x -3~ @m + 1)0):| X[(Zm'+1)a.2(m’+1)a](x)} gHam
for 2ma<x<2(m+ Da. (5.11)

The difference between the Bloch functions (5.5) and (5.11) is evident. Namely, the
inversion symmetry of ¢';, 20 and qb’(z“)l in (5.10z) and (5.10b) is consistent with the
translational symmetry with lattice constant 2a, but is not consistent with the translational

(5.10a)
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symmetry with lattice constant a. Hence, equation (5.11) is not the eigenfunction of the
Hamiltonian (5.1). This paradox is due to the fact that some part of the translational
symmetry is missing in the lattice which is assumed to have a larger lattice constant.

6. Summary

‘We have presented a complete analysis of the Bloch functions and the Wannier functions
in one dimension when the size of the periodic unit is taken as twice as large as the
primitive cell. The two-scale coefficients {p,} and {g.,} or the 27 /a-periodic functions
P,(k} and Q,(k) which have {p,,} and {g,,} as their Fourier series representations give the
invariant means for the renormalization transformation in one-dimensional periodic systems.
If the periodic potential energy is finite, then the Wannier functions of the systern change
their forms when one takes a larger unit cell. However, the two-scale coefficients remains
invariant and they do not depend on the form of the potential energy. It is known that
although the energy band is folded into smaller Brillouin zone when the lattice constant
is renormalized, the reciprocal lattice does not change effectively because of the structure
factor. This property of the energy band is related to the fact that the two-scale coefficients
do not depend on the potential energy.

The Wannier functions for a free electron do not change their representations through
such a renormalization procedure. In other words the Wannier function for a free electron
plays the role of a generating function of such two-scale coefficients, and they are show
to have the properties of wavelet analysis. Some properties seen in the Wannier functions
of the first excited band for a free electron are those of the orthogonal wavelets itself,
and the free electron Wannier functions of the higher excited levels are generated from the
zeroth and first band’s Wannier functions using the two-scale coefficients {p,} and {g,},
and this algorithm is nothing but the way that the wavelet packets are generated in the
multi-resolution analysis.

Appendix A. Two-scale relation of the subspaces in L3(R)

‘We consider the eigenstates of one electron in a general one-dimensional lattice. The
following arguement does not assume any particular form to the potential energy.

For each band index n, let U{® denote the linear span of Wannier functions {¢{®(- —
am) : m € Z}, namely,

U = closp2m{¢ (- — am) : m € Z) neZ, (A.1)

where the sign ‘clos;:g)’ denotes the closure of L*(R) space. In the following, we
argue the decomposition property of L2(R) by the subspace U®. Obviously U® can
also be considered as the subspace of LZ(R) spanned by the set of the Bloch functions
{0) : wnja < k| < 7@z + 1)/a}, namely,

a g T
UL = closgag) (¢ () : —n Skl < (et D} (A.2)

From the well known orthonormality of the Bloch functions, U for n € Z, form
orthogonal summands of £2(R), namely
e=vfollotfa. . (A.3)

It is clear that the Brillouin zone for the 2nth and (2rn - 1)th bands of Bloch states with
period 2a are m2n/2a < |k < 7(2n 4+ 1)/2a and = (2n + 1}/2a < k| < 7(2n 4+ 2)/2a,
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respectively. These supports in & space are complements of the support of the rth band of
Bloch states with period a. Therefore the spaces Uy 22) and U.g‘:ﬁ_] are orthogonal summands
of U®, ie. UM is decomposed as

(2a} (2a)
UP =uy e Uyl . (A4
Hence, immediately we find the following decomposition relations of the Wannier functions:
o0 (=]
O —am)y= Yy 1, 5P —2am)+ Y 5O, 60D (x —2am) (A5
My=—CcR Mg ==0Q

for all m; € Z, where the coefficients {r{*)} and {s{} are defined as the inner products of
the Wannier functions of different lattice constant:
(n)

Vs 2y for n'=2n
@87 —2am1), ¢ —amp)) = 1 &, for n'=2n+1 (A.6)
0 otherwise .

The inverse transformations of the decomposition relations (A.5) are the two-scale relations:

=]
(M](x 2am,) = Z ,g’l)_gmgqb(“)(x——aml) (A7)
m=—ed
o2 (x —2amg) = Z S oy 89 (x — amy). _ (A.8)
m=—~oo

From the direct calculations of the inner product of the Wannier functions (A.3), (A.7) and
(A.8), we obtain the following orthogonality relations:

E ‘rm-)-Zm; :?12,;12 = 6m1.m2 ) (A.Q)
m=—0Q
Z S0 s Sy = Sy (A.10)
m=—00
() ( ) - -
Z T iy S = 0 (A.11)
mn=—0c
. (1) () (G ( )
M * i ¢
Z { ml_zmr "z—Zm +Sm|—2m mz-:;)n} - 6”1[."12 (A.12)
MN==—00

for all my, m, € Z. These relations for the coefficients {r¢"} and {s{} are the basis of the
two-scale transformations between the basis functions of the subspaces U, Ugfl and
U, These coefficients becomes the two-scale coefficients of the wavelet analysis when
they have the special n-dependence (3.22). In this case the orthogonality relations (A.9)~
(A.12) allow the coefficients {r{"} and {5} to generate wavelets and wavelet packets.

Appendix B. Single potential-barrier problem and Bloch states

In one-dimensional periodic systems the band structure and the Bloch functions can be
determined by the properties of an electron in a single potential barrier v{x) [1]. We set the
support of v(x); —b/2 < x € b/2, where b is smaller than the perod, —a/2 < x € a/2, of
the system. Let £..(K) and ro (K} be the transmission and reflection coefficients of a particle
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with the energy #2K2/2M incident from the left (x < 0) on the single potential-barrier.
Then in the region |x| > b/2, the steady-state wavefunction y;(x) have the form
W) =™ +rK)e™ x <82
= 1. (K)e'k* x >b/2. ®.1)
Similarly, the wavefunction of a particle incident from the right (x > 0) has the form
¥ (x) = t_(K)e " K* x < —h/2
=~k 4 r_(K)elE* x>bJ2 (B2)

where t_(K) and r_(K) are the transmission and reflection coefficients of a particle with
the energy A°K2/2M incident from the right on a single barrier. Now the Bloch function
with crystal momenturn k can be expressed as the superposition of ¥ and :

vO.(x) = AKK, W) + BK, V() b/2<Ix|<a/2.  (B3)
The substitution of the Bloch conditions
Ui r( + )|, = e Vrat],__, (B4)

(B.5)

g @
= Elk“a‘lfx.k(x)

d
E‘l’x.k(x +a)

x=—ua/2
to equation (B.3) leads to the relations between K and crystal momentum &:

t{K) r_(K) AN _ igaf €% O A
(r:(f() r_(K))(B)"e g ( 0 e—i:m)(B)- (B.6)

From the knowledge of 2.(X) and r.(K) we can determine the relation between K and
k, from which we find the energy band, and the relation of A(K, k) and B(K, k). Using
the equation (B.3) and normalization condition (2.3), we obtain the Bloch function in the
region b/2 < |x| € a/f2.

x==u/2
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